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GLOBAL SOLVABILITY OF THE DERIVATIVE
NONLINEAR SCHRODINGER EQUATION

JYH-HAO LEE

ABSTRACT. The derivative nonlinear Schrodinger equation (DNLS)

i =axx2(q°a)x,  a=4(x1), i=+/-1, ¢°(z) = q(2),

was first derived by plasma physicists [9, 10]. This equation was used to in-
terpret the propagation of circular polarized nonlinear Alfvén waves in plasma.
Kaup and Newell obtained the soliton solutions of DNLS in 1978 [5]. The au-
thor obtained the local solvability of DNLS in his dissertation [6]. In this paper
we obtain global existence (in time ¢) of Schwartz class solutions of DNLS if
the L2-norm of the generic initial data g(x,0) is bounded.

1. INVERSE SCATTERING FOR A ZAKHAROV-SHABAT SYSTEM

In order to prove the local solvability of the derivative nonlinear Schrodinger
equation, the author [6] considered the following transformation:

(1.1) u, =iu +ew'u’),, e==1 (DNLS).
Let g = uexp( ffoo —ieuu”). Then q satisfies
(1.2) 4, = (i/2)4,, — (¢/2)a°q; + (i/9)qlql".

Equation (1.2) is solvable by the spectral problem %’xﬂ = zz[J ,ml+zQm+Pm,

where Q= (,. ¢) and P =Q(adJ)™'Q; here ad J(4) = [/, 4].
At first we consider a more general case. By a potential here we mean a pair of

functions (Q,P), Q,P: R — M,(C) = set of 2x2 complex matrices, Q is off-
diagonal, and the diagonal part of P equals Q(adJ)™'Q, Q,Q,,P,P e L'.

We consider the following spectral problem: given z ¢ X = {z: Im(zz) =0},
find m(-,z): R — M,(C) with

(1.3) -‘,f—xm(x ,Z) = 22[J ,m(x,z)]+ zQ(x)ym(x,z)+ P(x)m(x, z),

m(-, z) bounded, m(x,z)—»1 asx— —oo,
here J = (3'9), i=v-1
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Let Q, = {z: Im(z*) > 0} and Q_ = {z: Im(z%) < 0} . For a certain set
of potentials, called generic, the solution m has the following properties [6]:

Forany z € X = {z: Im(zz) = 0} , there is a unique matrix
v(z) such that for all x

(1.5) mt(x,z)=m (x, z)e”sz(z)e_XZZJ ,

where m” (x,z) = limitof m on X from Q, and m™(x,z) =
limit of m on X from Q_;

m(x,-) has a finite number of poles at z,,z,,...,z, (which
do not depend on x ), for any z ; there is a matrix v(z ;) such
(1.6) that
xz2J —xz2J

Res(m(x,o),zj) = lim m(x, z)e

J 77 .
Jim v(zj)e ;

The map (Q,P) — V ={v(z): z,,2,, ..., zy;0(2,),
v(z,), ... ,v(zy)} 1s injective
We denote this map by sd i.e. sd(Q,P)=v.

By a similar argument to [2], we can show the generic Schwartz class poten-
tials form an open and dense set in Schwartz class potentials, i.e. those potentials
for which every derivative is of rapid decrease. To make our exposition more

clear, from now on we assume (Q, P) is of Schwartz class. If (Q, P) is generic,
we call the associated function v: U D — M, (C) the scattering data, where

(1.7)

D={z,,z,,...,zy}. The scattering data satisfies the following constraints:
v, V),

(1.8) det( 1 ) 1, v, =1;
U Uy !

(1.9) V,y,(2) #0;

If z, is a pole, then v(z;) = ¢;(J) when z, € Q_ and

(1.10) v(z)—c(oo) when z; GQ ;
The winding number of v,,(z) equals 8% — 8~ , where ﬂ+ is
(1.11) the number of z; in Q,_ and B is the number of z; in Q_,

ie. pr-p = fz d[arg (v,,)] and X is oriented such that Q,
is in the left side;

(1.12) v(z) = I is of Schwartz class in X.

Roughly speaking the smoothness of (Q, P) implies the decay of v(z) and
the decay of (Q,P) implies the smoothness of v(z). These are aspects of
Fourier-like theory, hence if (Q, P) is a Schwartz class generic potential, then
v(z) — I is of Schwartz class.
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(1.13) Remark. Let (Q,P) be a potential of compact support. Let m(x, z)
be the solution of the Volterra integral equation:

(114 mox,2) =T+ [ (Q0) + POYmy(y, 21”7 dy.

)
The dependence on the parameter z is holomorphic, so my(x,-) is an en-
tire function, my(-,z) is absolutely continuous, my(x,z) =1 if x < 0 and
2 2] .
my(x,z) =e** TS(2)e™*7 if x> 0. Let

S,,(2) Sp(2)) .
(1.15) S(z) = (SZ,(z) SZ(Z))’

(1.16)
forzeQ_;

a(z) = ((1) 12(2)/511(2)) forzeQ,,
5 1)

and

xz2J —xz2J

(1.17) m(x,z) =my(x,z)e
Then m(x,z) satisfies (1.3) and (1.4). The poles of m(x,-) in Q_ is the
zero set of §,(z) and the poles of m(x,-) in Q_ is the zero set of S,,(z).
Since Iim|z|—»oo S,,(2) = limlz'_’oo S,,(z) =1, theset D ={z:§,,(z) =0 or
S,,(z) = 0} is finite. If ZNZX = & then (Q,P) is generic. For a generic
potential of compact support,

_ 1 —81,(2)/8,,(2) .
118 vD= (s s o) 1os e s

a(z)e

v(zj)=-sn(zj)/sjl(zj)<g (l)> . ca.,

(1.19) 0 0
/

v(z;) = =8,,(2,)/85(z)) <1 0) , z,€Q_.

See [6].

Given a scattering data v satisfying (1.8)-(1.12), the inverse problem
amounts to solving an analytic factorization problem (Riemann-Hilbert prob-
lem) with one parameter x, i.e. we want to find m(x,-) that is meromorphic
on C\Z such that

m*(x,z)=m (x,2)e" Tu(z2)e ",  zes,
2
(1.20) Res(m(x,z),z;) =lim,_ m(x,z)e“f’v(zj)e‘xsz ,
j=1, 2 ....N;and m(x,z) — I as |z| — oo.

As shown in [6], the inverse problem is solvable if v(z) — I is small (i.e.
lv 1|, <& for some small number ¢). If v(z) — I is not small, we choose
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a piecewise rational function u with the following properties:

(1) u =1 u(z) is upper triangular in Q_ and
lower triangular in Q_ respectively;

(i) wu(z)—>1 as|z|— oo;

(iil) fu v@H ™' -1 <e [2, 6]

(1.21)

We let v* = u_v(u+)_1 since v* — I is small, and v also satisfies (1.8) and

(1.12). Hence we obtain an associated eigenfunction m'; we may look for m
2 2

in the form m(x,z) = r(x,z)m'(x, z)e™* Tu(z)e ™% . Let

r(x,z)=1+2p:(z—zk)

1ak(x).
k=1
The conditions (1.20) amount to a system of linear equations of the residues
a,(x) of r.
Let SD = set of functions v = (v, z,,2,,...,2zy;v(z,), ... ,v(zy)) which

satisfy the conditions (1.8)-(1.12). The set of v € SD such that m is solvable
is open and dense in SD ; such v we call generic. Note that v € SD is generic
if and only if there exists a potential (Q,P) such that sd(Q,P) = v. Let
m~1+ml/z+m2/zz+--~ ,

(1.22) Q=-[J,m), P=-0m —[J,m,).

Then 47 = Z’[J,m] + zQm + Pm, m(-,z) bounded, and m(x,z) — I as

X — —oo. Symbolically we have
vom—(Q,P),

(scattering data) — (eigenfunction) — (potential).
If 0= (82. &), and the off-diagonal part of P =0, then the scattering data
v has extra conditions:

(1.23) (v(eZ)" =w(z), (v(eZ))" =-v(z)), e==L

Let o be an automorphism on M,(C) defined by (45)° = (2 7). Since
Q° =—-Q and P’ = P we have

(1.24) v/ (-z) =v(z), va(—zj) = —v(zj).

Conversely if v(z) € SD and satisfies (1.23) and (1.24), and v is generic, then
the associated potential (Q, P) satisfies the following properties: Q = (62. &,
i.e. Q" = eQ, the off-diagonal part of P = 0, and the diagonal part of P =
Q(adJ)™'Q.
If v(z,t) satisfies the evolution equation
dv(z,t)/dt = 27"(J,v(z,1)),
k is an odd positive integer;
dv(z;,0)/dt = 257" (] ,v(z;,1),
z; 1s fixed for each j,

(1.25)
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and if v(z,0) is generic in SD, then v(z,t) is generic for ¢ small (since
the set of the generic potentials is open in SD). The corresponding potential
(Q(x,t),P(x,t)) satisfies the evolution equation

(1.26) 0, =04, P =10, 4]+, 4]
where 4, = 4,(Q,P) are computed by the recurrence formula di,/dx —
[P’}'k] = [Q’Ak.;.[] + [J)A[H.z] ’ AO = J .

If v(z,0) satisfies (1.23) and (1.24) and k = 5, then equation (1.26) is
reduced to
(1.27) g,= (i/2)4,, - (¢/2)a°q; +glal’.
Note that Q = ( 62. &) and (Q,Q(adJ )“'Q) is the associated potential with
respect to the scattering data v(z,t). Let u = gexp(/ foo ieqq’). Then u
satisfies

(1.28) = iu, +eu’),.
This is the derivative nonlinear Schrédinger equation (DNLS).
Let E={z,,2z,,...,2zy}, z; ¢ £ and z,,2,,...,z, are distinct points.

Denote SD(E) = {v € SD: v is a function on U E}.
Theorem A. Suppose (Q,,FP,) is a generic Schwartz class potential and sup-
pose t — v(-,t) is a smooth map from [0,00) to SD(E) such that v(-,0) =
sd(Q,,F,). Then thereisa T >0 and a unique smooth map
t— (Q('at)’P("t))

from [0,T) to Schwartz class potentials such that sd(Q(-,t),P(-,t)) = v(-,?),
tel0,7).
Proof. Since the set of generic formal scattering data is open, v(-,¢) remains
generic over some nonempty interval [0,7). The corresponding potentials
Q(-,1),P(-,1) = sd'](v(-,t)) are uniquely determined. (Q(-,?),P(-,t)) is
smooth by our construction, see [2, 3, 6].
Theorem B. Suppose q(x ,t) satisfies DNLS, i.e. q, = iq,, +8(|q|2q)x , e==%1,
and t — q(-,t) is smooth from [0,T) to a Schwartz class. Then

[ o] [ o]

/ la(x, 1)1 dx =f la(x,0)" dx,

— 00 — 00
i.e. the L* norm of q(-,t) is invariant under DNLS.
Proof. |qI} = (a4"), = 4,4" +44; = i(a,a" — ;) + 3¢/2lal} . Hence

d o 2 . * * 38 4
x| lg(x,8)|"dx = (t(qxq -4q.9)+ 7|ql )

o0

=0.

—00

Theorem B'. Suppose q(x,t) satisfies (1.2), i.e. q, = (i/2)q,, - (8/2)q2q; +
(1/4)q|q| |4 ,and t — q(-,t) is smooth from [0,T) to a Schwartz class. Then

/ la(x, )2 dx = / lq(x, 0 dx.




112 JYH-HAO LEE

Proof. Let u = qexp( ffoo ieqq”). Then u satisfies DNLS, hence
it 2 bt 2
/ lu(x, )| dx=/ lu(x,0)|" dx.
—00 —00

Note that uu” = qq*, hence [*_|q(x,t)[*dx = [*_|q(x,0)] dx.

Theorem C. Let Q, = (2 %). If (Q,,Q,(ad J)_IQO) is a generic Schwartz

eqo O
class potential, then there exists unique q(x,t), 0 <t < oo, such that

{q, = (i/2)4,, — (¢/2)q"a; + (i/4)dlal*,
q(x,0) = g,.

Theorem C'. If uy(x) is of Schwartz class, q, = ugexp(f*  —ieuyuy), Q, =
( 0 %), and (Qy>Qy(adJ )"QO) is generic (i.e. there exists v such that

eqo 0
sd(Qy, Qp(ad J) ™' Qy) =v),
then there exists unique u(x,t), 0 <t < oo, such that

. 2
u,=iu,  +e(jul"u),, u(x,0) = uy(x).

Proof. This follows from Theorem C.

2. DERIVATION OF THE EVOLUTION EQUATION

Now we derive the evolution equation (1.26). We use the 0 idea of R. Beals
and R. R. Coifman [2, 3]. For fixed x the eigenfunction m(x,-) for a generic
potential can be considered as a matrix-valued tempered distribution on C.
dm/0Z is a tempered distribution supported on U {z,,z,,...,2zy}.

(2.1) Lemma. If f isin L™(C) and 8 f/8Z = u vanishes rapidly at oo, then
f has an asymptotic expansion

@ = fy flz+ K125+, S, =/k>f"'k_""‘(z>’

in the sense that

f(2)= 3 £z < Cylzl ™ dist(z, supp )™ 3],

J=0

In particular if v(z) — I decays rapidly on X, the associated eigenfunction
m has an asymptotic expansion in z,

(22)  m(x,z)~my+m Jz+my[Z+-,  z—00, my=1.

Since dm/dx = 22[./ ,m]l+ zQm + pm , we see that

(2.3) (dldx —p)m, =Q0m, ,+[J,m,_,], k=0,1,2,....
Especially

(2.4) Q=-1J,m], P=-0m —[J,m,]
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Now suppose that the evolution of the scattering data is given by

dv(z,t)/dt = 2" [T ,v(z, )],

2.5
= dv(z;,0/dt =210 ,v(z;,0)],

and z. is fixed for each j. Then m and Q,P also evolve in . We denote
t-differentiation by a dot. Differentiating (2.4) with respect to the t-variable we
obtain

(2.6) Q=-[J,m], P=-0m —Qm —[J,m,

Since m has an asymptotic expansion, we have mJm™' ~ J + Alz+4,/ 24+

-+, where 4, =4, , , and mm™ ~ fl/z+f2/z2 + .-, where f (x,f) =
[ 2 0(mm™")/8Z]. Then m = (mm™"Yym ~ f,/z + (fym, + f)] 2" +---.
Hence

(2.7) m =f, m, = fim, + f,.

Substituting (2.7) into (2.6) we get

(2'8) Q"—'_[Ja.f]]’ P=_[Q’f|]_[‘,af2]

We see that 3(r'nm'l)/67 and zk_'c‘)(me_')/af are both supported on
Xu{z,,z,, -,zy}. By the argument in [3],

(2.9) a(mm™") /07 = Z*'a(mIim™")/0z.

Hence f, = -4, and f,=-4,,,. (Q,P) evolves as

(2.10) 0=1,4)1, P=[Q.4]+J, 4]

3. ESTIMATE OF m IN L’-NORM OF THE POTENTIAL

As we show below, the technique used in [2, 6] to solve the inverse problem
reduces solvability at ¢t = T to control m(x,t,z) as ¢t — T. Recall that the
equation for m is

(3.1) ‘;_';'=22[J,m]+sz+Pm,
where Q = (,0. ) and P =Q(adJ)™'Q. Let rir = exp(f*,  P)m. Then i
satisfies

dm

(32) T =2 W]+ 0,

where

0 =exp (—/_oo 0(d/)™'Q) Qexp ([_m 0adn™'0).
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Since Q(adJ )"'Q is purely imaginary,
Im (x,2)| =i, (x, 2| lIQll, =10l

s .5 = iy

)}Lr{.lom.j(x,z)‘ .

Writing m instead of 71, we may consider the following problem:

d 0 ¢
(3.3) Em—z[.l,m]+<r O)m,
(3.4) m(-, z) bounded, m(x,z) -1 asx—1I,;

here J = (%), i =v/~T1. Taking the first column of m, we have

() =7 (i) * (7 8) (o),

i.e.
dm
(3.5) Txl‘l'_—qmlza m“(_oo)= 1, mlz(—oo)=0,
' dm12 _ 2 o
-"17— =2 ( l)m12+rm“.
We are led to consider the following basic system of O.D.E.:
du dv
(3.6) z;—qv, H+cv_ru, u(—o0) = a, v(—-o00) =0, ¢>0.

(3.7) Basic Lemma. Given q,r € L2(—oo,oo), there are unique absolutely
continuous bounded functions u,v satisfying (3.6) and |ju|| + |v|l,, < F =
E(llqlly» lIrll; 5 lal) -

Proof. First we convert the equation (3.6) into an integral equation:

(3.8) ux)=a +/ qu, v(x)= / e ru,  c>0.
) —o0

At first we look for the solution u,v, where u € L? and v € L®. Consider

the following recurrence formula:
X

X
(39) u,=a +/ qu,, v, = / ec(y_x)run . U, € L? arbitrary.
—00

— 00
We have

Ny = u,ll < (Ngll Nl /e)lu, — u,_ I,
Consider the following two cases:

Case 1. |q|l,lI7ll,/c < 1. Then {u,} is a Cauchy sequence in L* and {v,} is
a Cauchy sequence in L’ ; there exist u € L™ and v € L? such that u, - u
in L, v, > v in L? and

llu — ugll o < (1/(1 = llgll,lirll /el — ugll o »

lv = voll, < (1/(1 = llgll,lirll,/eNllvy, — wgll,-
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Taking the limits of u, and v, in (3.9) we have
X X ( _x)
(3.10) u=a+/ qudy, v=/ e rudy.
— 00 —00

Obviously u,v are absolutely continuous and u,v satisfy the O.D.E. (3.6).
Note that

CX’ 0’
h(x)={e x <

0, x>0,
is also in L?, hence v, < (1/\/Z)||r||2||u||oo .
Case 2. ||q|l,llrll,/c <oo. Let N be a positive integer satisfying
lall,lirll,/(Ne) < 1.

There exist a finite number of points 0 = x,,x,,X,,...,Xy = oo such that
(fo |q12)l/2 < |liqll,/N . By Case 1, the solutions u,v exist up to the point

Xj
x, . Then consider the following equation with initial values at x, :

X
u=u(x1)+/ qudy,

1
v =Ty (x,) + M eV rudy,

where u(x,) and v(x,) are constants which depend only on a, |[|g|, and |||, .
Since

(3.11)

2, 1/2
(/ lq| ) Irlly/e < llgllallrll,/(Ne) < 1,
X

]
again by Case 1, we may extend the solution u,v to the point x,. If we
continue, we obtain u,v, defined on the whole line and satisfying equation
(3.6), [l4lloo + V]l < F = F(llgll lrll,lo]) < 00 We are done.

(3.12) Theorem. Assume Q = (°8) is of Schwartz class. If z is large enough
and 1/2 <|Re(z)|/|Im(z)| < 2, then there is a unique m(x ,z) which satisfies
(3.3), (3.4), i.e

‘—g;m = zz[J,m]+Qm,
m(-, z) bounded, m(x,z)—»1 asx— —oo.

Let
m= (’"n le) i
my My
We have
lm;;(-, 2)lloo < F =F(lqlly, lIrll, d(2)], la(2)]),
where lim,_,  _m,,(x,z)=d(z) and lim___ _m, (x,z)=a(z).

Proof. The existence of m(x,z) was proved in [6]. It suffices to estimate m
by the L’-norm of g,r. We may assume Im(zz) > 0. The first column of m
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satisfies

m“(x,z)=/ 2q()my, (v, 2)dy + 1,
(3.13) -

mzl(x,2)=/ T e (yym, (v, 2) dy.

Multiplying by z on both sides of the second equation of (3.13), we have
X

m”(x,z):/ q(szI(y,z))dy+l,
— 00

X 2
—x)(=2iz) 2
zmzl(x,z)=/ VTV, r(y)m, (y,z)dy.

—0o0

(3.14)

Let m;, =u and zm, =v. If 1/2 <|Re(z)|/|Im(z)| <2, we have the same
estimate for m, and zm,, ; then

My (5 Dl + I12my, (-5 Dl < F(llglly s NI71l)-

Hence ||m (-, 2)ll, +1Imy, (-, 2)ll, < F(lqll,,lI7ll,) if |z| > 1. For the second
column of m we write the integral equation normalized at oo. Note that

lim,_ _my(x,z)=d(z) and lim,_ __m (x,z) =0 (see [6, p. 33]),
maglx.2) =d(2) = [ a)muv, 2)dy,
(3.15) o

—x)(=2iz%) _2
zmpy(,2) == [ eI my(y, ) dy.

X
Then by a similar argument we have the estimate

M5 (5 2l + 1M, (5 2l < F (N4l 17l 5 1d(2)]).
Note that lim d(z)=1 and lim a(z)=1.

|z} =00 |z]—o00

(3.16) Remarks. The point of Theorem (3.12) is not the existence of m , which
was proved in [6]. As we show in [6],

lim m(x,z) = d(z) = (“(2) 0 ) ;

x—00 0 d(z2)
|llim a(z) =1, |~llim d(z)=1,

m(-, z) is bounded for |z| > N, where N depends only on d(z). The crucial
fact here is that in the case r = ¢q”, ||q||, and d(z) are invariant under the
DNLS evolution.

Proof of Theorem C. By local solvability, the solution g(¢,x) exists for 0 <
t<T,T>0.Let Q=(2.%), sd(Q,Q(adJ)™'Q) = v(-,1). According to
Theorem (3.12), there is an open set Q = {z: 1/2 < |Im(z)|/Re(z)| < 2,|z| >
C,} such that

(3.17) Im(x,z,t)|<C, forall xeR, zeQ,

and for {7 } some sequence converging to 7. Since {v(-,£):0 << T} is
bounded, we can choose the piecewise rational function u(-,¢) of (1.21) to
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depend smoothly on ¢ and to have simple poles in a fixed finite set E' inde-
pendent of ¢. Recall v' = u_'u(u”L)'I and m' is the eigenfunction associated

to v':
(3.18) ImH(x,t,)| < C;  for |2| > C,.
We look for m(x,t,-) of the form
(3.19) m(x,t,")=r(x,t,)m'(x,1t, ’)exzzju(x .1, -)e_xzzj ,

where r(x,t,-) is rational with simple poles on E UE’' and approaches I at
Z=o00.

r(x,t,z)=1+ i(z ~z,) g (x,1),
k=1

where g, (x,?) satisfies some system of linear equations and depends smoothly
on x and ¢. Moreover, for each x and ¢ these equations have at most one
solution, while the existence of a solution for all x is the necessary and sufficient
condition that v(-,) be generic. Now detm' =1 and det(e”zju(z)e_”zj) =
1, so0 (3.17), (3.18), (3.19) give

Ir(x,t,,z)| <Cy for xeR, zeQ, |z| 2C,.

Passing to a subsequence, we deduce that r(x,?,,-) — r(x,T,-), where the
residues of r(x,T,-) solve the requisite linear equation at ¢t = T . Therefore
v(-,T) is generic. Since the set of generic data is open in SD, the solution
g(x,t) of the equation (1.20) exists for 0 <t < T + ¢. Obviously this implies
the global solvability of the equation (1.27).
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